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Abstract For the rational integers A=1, 3, or 5 (mod 6), considering elliptic curves y*>= x> — 2*33D* over the field Q( J=3),
the formula for the value at s =1 of Hecke L -series attached to such elliptic curves, expressed as a finite sum of values of Weierstrass &
-functions, is obtained. Moreover, when A=3 (mod 6), the lower bounds of 2-adic valuations of these values are also obtained. These re-
sults are consistent with the predictions of the conjecture of Birch and Swinnerton-Dyer in a sense, and have generalized and advanced some

results in recent literature.
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Consider elliptic curves

Ej: y° = 22 - 23D (1)

over the quadratic imaginary field @ ( J=3) with
rational integer A Z0 (mod 6). Recently, for the
non-trivial even A cases, i.e. for the cases of A=2 or
4 (mod 6), the values at s =1 of Hecke L-series at-
tached to Ex were studied systematically“~3]. The
formulae (expressed via the Weierstrass $_function)
for these values were given, and the uniform lower
bounds for 3-adic valuations of the values were also
obtained.

In this paper, we study the elliptic curves E 3 in
(1) for the odd A cases, i.e. the cases of A=1, 3,
or S (mod 6), and give a uniform formula for the
special values at s = 1 of Hecke L-series attached to
such elliptic curves, expressed as a finite sum of val-
ues of Weierstrass §-functions. In particular, when
A=3 (mod 6), we obtain the lower bounds of the 2-
adic valuations of the values at s =1 of Hecke L-se-
ries attached to Ep.

Our results advance the results in Refs. [1~4]
about E; for the even 4, and in Refs. [1,2,5,6]
for elliptic curves y>=z*~ D]z (¥ € Z ) over Gaus-

sian field Q@ (/ —1). In particular, our results are
consistent with the predictions of B-SD conjecture in a

certain sense (see Remark 1).

1 Formulae of L (1) attached to E»

Throughout, let K = Q(/=3), r=(-1+
J/=3)/2 be a primitive cubic root of unity, and
Ok = Z [ ] the ring of integers of K. We study the
elliptic curves :

Ej: 32 = 2° - 2*3°D  with D = x¢ vy, (2)
where 7,=1 (mod 12) are distinct prime elements of
Ok(k=1,",n), A€ Z and A=1, 3, or 5
(mod 6). Let S={ny,
the set {1, -, n}, define

DT = H”ks

LET
and put Dy = 1 when T = & (empty set). (3)

-, mat . For any subset T of

DT = D/DT!

Let ¢,» be the Hecke character (i.e. Gréssencharac-
T

ter) of Q(/ —3) attached to the elliptic curve E ; :
T
yi=z3- 2433DAT, and let Ls(g—bDA , 5) be the Hecke
T
L -series of t,_bDA (the complex conjugate of ¢ ) with
T T

the Euler factors omitted at all primes in S. For the

definition of such Hecke L -series attached to CM el-

liptic curves, see Ref. [7]. We have the following u-

niform formulae for special values Ls(g—bDA , 1) of the
T
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above Hecke L-series at s =1 which are expressed by
the values of Weierstrass §-functions.

Theorem 1. For any factor Dyof D=m,"'x, €

Z [ ] and any rational integer A =1, 3, or 5§

(mod 6) as above, let ¢ be the Hecke character of
T

Q(/ —3) attached to the elliptic curve E: ¥y =
T

23 —2%3°D%.. Then we have

D(lz)“* -
=z == L i,
wo DT 6 S(‘/)DT 1)
ol (e 1
2/3&4\Dr 650( 4_“”0)_ 1
D
1 C
+==>157] s
3«/?3; Dr 6

where ( — )¢ is the sextic residue symbol, C any com-
plete set of representatives of the relatively prime
residue classes of Ok modulo D, and & (z) the
Weierstrass §-function satisfying 8 (2)2=4 £(z)?
— 1 with period lattice Lm0 = wo Ok (corresponding to

the elliptic curve y? = z3>~1/4), and wy=3.059908
- is an absolute constant.

Now for general rational integers A with A %0

1-(-D*
3 .
Then together with the results in Refs. [1~3] about

E: y2 = 73~ 2%33D* for the cases of A=2, or 4
(mod 6), we obtain the following results for general
A (when A=0 (mod 6), E» is Q (v —3)-isomor-

phic to E;: y* = 23 — 2*33, which is the trivial
case) .

(mod 6), we define a function o (A1) =

Theorem 2. Let A be any rational integer and
A0 (mod 6). D=ny-x,, where m,=1 (mod 6°
2°Y are distinct prime elements of Z [z ](% =1,
-+, n). For any factor Dy of D as defined in (3), let

¢y be the Hecke character of Q(/ —3) attached to
T

the elliptic curve E 5 : y2=2%-2'3’D}. Then we

T

have
Q{S-M“WG* -
wy DT 6 LS((/}D;_’l)
_ 1 el 1
- Zﬁcezc Dt/ ol 4 cay
Pl 1

F=slE]

c€C

where ( =), C, (z) and wy are all the same as in
Theorem 1.

2 The 2-adic valuat\i\ons of L(1) of Ep?

Now we turn to study 2-adic valuations of the
special values at s =1 of the Hecke L-series attached
to Eptin (2) for the case of A=3 (mod 6). Up to
Q (/- 3)-isomorphism, we only need to consider
elliptic curves

Eps: y=22-2'3¥D* with D=y m,, (4)
where 7,=1 (mod 12) are distinct prime elements of

Z(z](k=1,",n).

Let ¢ be the Hecke character of Q(V/-3) at-
tached to the elliptic curve Epr in (4), and let
L(¢p?,s) denote the Hecke L-series of ¢ (the
complex conjugate of ¢p?). Also we let wg denote the
real period of the Weierstrass £_function in Theorem
1. Then by Ref. [8] (or [9]) it can be easily seen
that the values L (¢, 1)/ w are all algebraic num-
bers.

Let Q , be the completion of @ at 2-adic valua-
tion, Q and QTZ the algebraic closures of Q@ and Q )
respectively ; and let v, be the normalized 2-adic addi-
tive valuation of @:(i. e. v2(2)=1). Fix an iso-
morphic embedding @H@; Then v;{(a) is de-
fined for any algebraic number « in Q. The value
vy(a) for a €Q depends on the choice of the embed-
ding @‘—*(Tz, but this does not affect our discus-

sion in the following.

Theorem 3. lLet D = ny - &, where m, =1
(mod 12) are distinct prime elements of Z [z ](k =
1,-+, n), and let ¢,* be the Hecke character of

Q (/ = 3) attached to the elliptic curve Ep?: y? = z°
~-2%33D*. Then for the 2-adic valuation of L ( g_bDJ,

1)/ wo we have
v2(L(¢p?, 1)/ wo) =n.

Remark 1.

(i) Our results in Theorem 3 are consistent with
the predictions of B-SD conjecture in a certain sense.
In fact, by the methods in Ref. [10] (or [7]), we
can prove that under our hypothesis of D the Tama-
gawa factor ¢, =1, 2, or 4 for any finite place v sat-
isfying v| Ng and v } 6, where Ng is the conductor
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of E=Ep3in Theorem 3. Let & C “bea Ok-gen-
erator of the period lattice of a minimal model of E.
Consider the case L (E/K, 1) # 0 (The case
L(E/K, 1) =0 does not need to be considered since
v, (L(E/K, 1)) = ). Then the B-SD conjec-
ture!'" 2] predicts that L(E/K,1)/0Q has the fac-
tor

c,=2™ for certain exponent m .

9IN(E) and v } 6

Further, when the number n (D) of distinct
prime factors of D becomes greater, N (E) would
have more prime factors v, so m would become
greater, this is consistent with our results of Theorem
3 since we havel”)

L(E/K,1)=L(¢,1)L(¢,1), where ¢=¢p3.

(i1) For the elliptic curves Ej with A =1, or 5
in (2), we could also prove by the same methods in
Ref. [10] (or [7]) that the Tamagawa factor ¢, =1
for any finite place v | Ng and v } 6, where Ng is the
conductor of E = Ep. This means that the product of
the Tamagawa factors

C'U
SIN(E) and v} 6
does not increase. So we do not consider the problem

of p(=2, or 3)-adic valuation for these cases.
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